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Abstract
The thesis focuses on a forced-commutated voltage source converter (VSC) connected to
a grid in a wind energy application. The work consists of four parts. The first part
addresses the type of electrical system which should be used in a wind turbine. The
conclusion is to use variable-speed wind turbines, due to higher efficiency, lower noise
and lower fatigue. If high power quality is demanded, a grid-connected VSC should be
used instead of a grid-commutated thyristor inverter. By utilizing the high current control
bandwidth of the VSC in a hybrid wind farm, consisting of wind turbines having
different electrical systems, a cost-efficient solution is obtained. The VSC is used for
reactive power compensation and active filtering, in addition to converting wind power.
These additional features cause only a moderate increase in the VSC rating compared with
only converting wind power.
In part two, an electrical system in a variable-speed wind turbine, in which the VSC uses
the voltage angle control to track the reference voltage of the dc-link, is investigated. The
proposed control method is based on a steady-state model of the system, which results in
a low bandwidth but which is high enough to operate a wind turbine. To increase the
bandwidth, the linear quadratic (LQ) control method has been introduced. Due to
sensitivity to current harmonics, an extended Kalman filter has been added to the LQ-
controller. Simulations show that the controller operates as expected.
A grid-connected VSC using a discrete vector current controller is investigated in the third
part of the thesis. The influences of an incorrect controller tuning and grid voltage
harmonics on current frequency responses at an operating point are investigated. The
attenuation of low-frequency voltage harmonics decreases when their frequency
increases. Furthermore, it is shown that the current controller handles parameter errors
satisfactorily. It has been shown that frequency dependent losses in the grid filter affect
current frequency responses at high frequencies. A compensation function has been
introduced to compensate for non-ideal valves and non-ideal pulse width modulation. The
function improves the small-signal current frequency response around an operating point.
Also four different synchronization methods, which are adapted to digital controllers,
have been investigated. A novel transformation angle detector based on a space vector
filter has been introduced. The detector manages phase steps in the grid voltage, and the
extended version of the detector also manages frequency changes in the grid better than
the extended Kalman filtered detector, in spite of the smaller number of calculations.
The last part of the thesis deals with the current harmonics of a grid-connected VSC. By
introducing a third-order LCL-filter as an alternative to an L-filter, current harmonics are
decreased. Furthermore, reflections caused by high voltage derivatives are adressed.
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1 Introduction
The utilization of wind energy is an area which is growing rapidly. In Europe, the
installed wind power has increased by 36 % each year for 5 years, now. In northern
Germany, wind turbine manufacture is the fastest growing industry. Furthermore, wind
energy covers 7 % of Danish electricity consumption. Most countries in Europe have
plans for increasing their share of energy produced by wind power. The increased share
of wind power in the electric power system makes it necessary to have grid-friendly
interfaces between the wind turbines and the grid in order to maintain power quality.
In addition, power electronics is undergoing a fast evolution, mainly due to two factors.
The first factor is the development of fast semiconductor valves, which are capable of
switching fast and handling high powers. The second factor is the control area, where the
introduction of the computer as a real-time controller has made it possible to adapt
advanced and complex control algorithms. These factors together make it possible to have
cost-effective and grid-friendly converters connected to the grid.
The thesis focuses on a forced-commutated voltage source converter connected to a grid
in a wind energy application. When the first part of the project started up, the objective
was to determine the optimal electrical system for a wind turbine, in terms of efficiency,
cost and performance. Another goal was to investigate the voltage angle control method
and its suitability for controlling a grid-connected voltage source converter in a wind
turbine system. A simple, low-cost analog controller was used for the implementation. In
efforts to increase the bandwidth of the system, a linear quadratic control method was
considered.
The objectives of the second part of the project were to investigate the performance of the
vector current control method when parameter variations, delay times and grid voltage
distortion affect the vector current controller. To reduce the non-linearities from the valves
and from the blanking time, a valve compensation function was implemented in the
controller. The transformation angle detector, which synchronizes the voltage source
converter to the grid voltage is essential to the vector current controller. One aim was to
investigate different synchronization methods which could be implemented in the control-
computer. Furthermore, the presumed high current bandwidth of the vector current
controller could make it possible to implement extra applications. A higher power quality
for the whole hybrid wind park can result in a lower total cost for the park.
This report consists of two parts. The first part contains a short discussion of wind
turbine concepts, electrical systems used in wind turbines, control principles of voltage
source converters and modulation techniques. Furthermore, the contributions and
comments of the included papers are presented and the conclusions are stated.
The second part of the report consists of nine papers which are divided into four sections.
The first section is an introduction to wind power, wind turbines, different electrical
systems and hybrid wind parks. The second section investigates a voltage source
converter connected to a grid using a voltage angle controller. In the third section, the
vector current controller of the grid connected voltage source converter is investigated.
Furthermore, four synchronization methods adapted for digital implementation are
presented. One of the presented methods is a novel transformation angle detector based
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on a space vector filter. In the last section, the harmonics of the voltage source converter
are investigated. Current harmonics attenuation at low and medium frequencies is
compared for two grid filter types, the L-filter and the LCL-filter. Moreover, the influence
of high voltage derivatives from fast switching valves is addressed.
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2 Wind Turbine Configurations
The use of wind energy goes back far in history. Wind power plants have, for instance,
been used as water pumps and as mills. One major difference between the earliest
windmills and the new generation of wind turbines is that the mechanical transmission of
power has been replaced by an electrical transmission. The oil crisis in the mid 1970s
resulted in a new interest in wind energy. This attention has continued to grow as the
demand for reduced polluting emissions has increased. The wind energy market today is
small but growing rapidly.
2.1 Standard Fixed-speed Wind Turbine
The standard wind turbine plants of today use conventional horizontal-axis wind turbines.
The turbine has two or three blades. In some designs, the blades can be pitched, to
change the aerodynamic torque. The nacelle is placed on a high tower, in order to benefit
from higher wind speeds high above ground. Furthermore, the low-speed turbine is
connected to the generator via a gearbox, as shown in Fig. 1. The rotational speed of the
generator is typically 1500 rpm and the turbine speed is 20 to 50 rpm. The induction
machine is the most common generator type.
turbine
blades
nacelle
generator
tower
gearbox
low speed shaft
high speed shaft
hub
Figure 1: The parts of a wind turbine.
The kinetic power Pw  of the air passing the swept turbine area A  increases with the cube
of the wind speed w , as
Pw =
ρA
2 w
3 (1)
where ρ  is the density of air. At low wind speeds, the generated power is too low to be
exploited. When the wind speed exceeds the cut-in wind speed, the wind turbine starts.
The input power of the wind turbine must be reduced when the aerodynamic power
becomes higher than the rated power of the wind turbine. Two common methods are
used: The first method changes the pitch-angle of the blades. The second method is based
on blades designed in such a way that they stall when wind speed exceeds a certain level.
When wind speed reaches the cut-out speed, the wind turbine is shut down due to high
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mechanical loads. The cut-out speed is approximately 25 m/s. In Fig. 2 wind power and
wind turbine power are shown as a function of wind speed.
wind speed
aerodynamic power
wind turbine power
Power
cut-in cut-out
rated power
Figure 2: The ideal power curve of a wind turbine.
The probability density function of wind speed is usually described by a Weibull
distribution [1]. Even if the wind turbine produces the rated power at the cut-out speed,
the achieved energy capture is small at high wind speeds because the number of strong
gale hours per year is few.
2.2 Variable-speed Wind Turbine
A wind turbine must run at a certain speed relative to the current wind-speed, defined by
the optimal tip-speed ratio, in order to produce maximum power. For a fixed-speed
concept, the efficiency will not be maximized. Losses depend on the exact design of the
turbine and the wind variations at the site. An improvement of the single-speed turbine is
the multiple-fixed-speed turbine (usually two speeds), provided by a generator with a
changeable number of poles. An active pitch, which adjusts the pitch angle
instantaneously to the wind speed, is an option to increase the energy capture.
Unfortunately, the bandwidth of the active-pitch system is too small to utilize this
advantage. A larger problem is wind power fluctuation at high wind speeds; the low
bandwidth of the pitch control results in overloads. By introducing a variable-speed
operation, it is possible to continuously adapt the rotational speed to the current wind
speed, so that, ideally, the maximum obtainable power is continuously produced by the
plant. Typically, this optimal mode is achieved for low to medium wind-speeds. The
theoretical average efficiency of the electrical system can be increased by 5 % compared
with a fixed-speed wind turbine [2]. If the plant is stall-regulated, the optimal turbine
speed is proportional to the wind speed for wind speeds up to the rated speed. For higher
wind speeds, turbine power is kept constant by means of a stall effect.
When using a variable-speed, stall-controlled wind turbine, the electrical system must be
designed to manage a power overload. The maximum power from a stall-controlled wind
turbine changes due to changes in the performance of the stall regulation. This increases
the cost of the electrical system. When using both variable speed and pitch control, the
electrical system can be designed to manage the rated power of the wind turbine.
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3 Electrical Systems of Wind Turbines
The standard electrical system for a fixed-speed wind turbine is a squirrel-cage induction
generator directly connected to a grid. To reduce the reactive power demand, a capacitor
bank is installed to compensate for the no-load current of the generator. Furthermore, a
thyristor-equipped, soft-starter is used to reduce the inrush current.
For variable-speed wind turbines, many different solutions of electrical systems are
possible. In this report, only full-span, variable-speed systems are considered. The
development of semiconductor components for use in the converters of the electrical
system is progressing rapidly. The rated power of the valves increases, as a result, and
the cost decreases. Furthermore, forced-commutated valves with shorter turn-on and
turn-off times are introduced. In addition, the fast development of control computers has
facilitated more advanced control algorithms.
A variable-speed electrical system has three main components. They are the generator, the
rectifier and the inverter, shown in Fig. 3. The system can be split into two subsystems:
inverter-grid and rectifier-generator. This helps when analysing one part of the system.
Each sub-system has at least two different device alternatives.
G~
turbine
gearbox
generatorrectifierinvertergrid
≈
≈
=
=
rectifier-generator
subsysteminverter-gridsubsystem
Figure 3: Overview of the electrical system for variable-speed system.
Two main types of generators are used: either the synchronous or the induction generator.
The synchronous generator (SG) can use two methods of excitation: permanent magnets
or field winding. A relatively new generator concept is the switched reluctance generator,
which is cost-effective but, unfortunately, has a high torque ripple [3]. The common way
is to use a field winding, because it has the advantage of controlling the three-phase
voltage level; if the terminal voltage level is fixed, the produced reactive power can be
controlled. In recent years, the costs of high performance permanent magnets have
dropped and permanent magnet machines have become an interesting alternative
compared with traditional machine types. When using permanent magnets, the electrical
losses of the machine become smaller, which is positive. However, the voltage level is
proportional to the speed. Due to the produced reactive power, the synchronous generator
can be connected to a load-commutated rectifier, i.e., a diode rectifier or a thyristor
rectifier. The voltage source converter (VSC), however, can be used as a rectifier.
Observe that the controller of the VSC requires a minimum dc-link voltage relation to the
generator voltage in order to operate properly.
The induction generator (IG) requires reactive power to operate. Consequently, the IG
often uses the VSC, which produces reactive power. Another possibility is to use a diode
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rectifier or a thyristor rectifier together with capacitors, which produce the required
reactive power. Unfortunately, reactive power changes with speed and if the capacitance
value is not correct, the performance of the system will be low.
The inverter of the system is connected to the grid. Here, the grid-commutated inverter,
also called the thyristor inverter, and the VSC can be used. The VSC requires a minimum
dc-link voltage in order to operate, and in some cases a step-up converter (DC/DC) must
be introduced to increase the voltage level for the VSC. The VSC can act both as a
rectifier and as an inverter: the power direction is set by the controller.
To give an overview of the different electrical system combinations, Fig. 4 has been
introduced. Observe that the combinations are primarily for systems which use a gearbox
between the generator and the turbine.
A rather new concept is to use a directly-driven permanent magnet generator, which is
directly connected to the turbine without a gearbox. Depending on the optimization of the
rectifier-generator subsystem, the rated power can be increased by 50 % when using a
VSC, instead of a diode rectifier or a thyristor inverter [4].
thyristor
inverter
SG
IG
generators
~
grid
inverters
rectifiers
DC/DC
direction of energy flow
thyristor
rectifier
diode
rectifier
VSC
VSC
Figure 4: Diagram of different electrical system alternatives for variable speed.
Locations and Power Quality of Wind Turbines 9
                                                                                                                                                                                                                      
4 Locations and Power Quality of Wind Turbines
Wind turbines are often located on coastal shores in rural areas, due to high wind speeds
and sparse population. The grids connecting these areas are often weak, i.e., have a non-
negligible, short-circuit impedance. This results in power quality problems when
connecting wind turbines, which are not adapted to weak grids.
The most common electrical system of commercial wind turbines is the induction
generator directly connected to the grid. A major drawback is that the reactive power flow
and, thus, the grid voltage level cannot be controlled. Another drawback associated with a
fixed-speed system is that the blade rotation causes power variations and, thereby,
voltage fluctuations of a frequency of 1 to 2 Hz in the grid [5]. This fluctuation problem
is not solved by using several turbines; on the contrary, if several identical wind turbines
are installed in a wind park, the rotors can synchronize with each other and the power
fluctuations will be superimposed in phase [6]. Furthermore, induction generator
dynamics has resonance peaks around 10 Hz [7], where the sensitivity to flicker is high.
For the variable speed system, the inverter connected to the grid is a thyristor inverter or a
VSC. Depending on the generator-rectifier sub-system, the thyristor inverter can be
controlled in different ways. If a diode or thyristor rectifier and a synchronous generator
are used, the dc-link voltage level will be proportional to the turbine speed, resulting in a
reactive power transfer from the grid, and the reactive power will change with the active
power delivered from the wind turbine, due to the varying firing angle of the thyristors.
Another drawback of using a thyristor inverter is low-frequency current harmonics. If a
thyristor inverter is connected to a weak grid, current harmonics will cause low-frequency
voltage distortion from about 200 Hz to 1 kHz. Current harmonics can be reduced
significantly by using tuned passive filters. Unfortunately, the filter size becomes large
when removing low-frequency harmonics.
An alternative to a thyristor inverter is the VSC. If nothing else is mentioned, the valves
of the voltage source converter are of the Insulated Gate Bipolar Transistor (IGBT) type.
A VSC connected to the grid has several advantages in comparison with a thyristor
inverter: The reactive power can be chosen freely, often set to zero to obtain the unity
power factor. Grid currents become sinusoidal with no low-frequency harmonics, at least
if a proper controller is used [8]. By using advanced control techniques, the power
quality of the grid can be improved. Unfortunately a VSC has a few drawbacks: The
efficiency is slightly lower in comparison with a thyristor inverter. Rated power has been
a limit, but the fast development of valves has improved rated power. Also the voltage
level has increased resulting in lower losses in other parts of the variable-speed electrical
system.
The ability to control the turn-on and the turn-off characteristics of the IGBT has made it
possible to parallel [9] and to series [10] connect several IGBT-valves, and, thus,
increase the rated power of the converter. When comparing the cost of a thyristor inverter
with a VSC, the thyristor inverter has a lower price, because it is a mature product and it
has lower losses resulting in less cooling material. But when all the equipment around the
inverters is included, the total system cost difference is levelled out.
10 Locations and Power Quality of Wind Turbines
                                                                                                                                                                                                                      
In energy project plans for the future, it is understood that alternative energy is to be
increased; the best way to increase the energy production from wind energy is to build
large wind farms. To gain acceptance from the population, wind farms have been
proposed to be installed offshore. This can lead to new solutions, such as high voltage
direct current transmission of energy from the wind farm to a grid ashore.
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5 Grid-connected VSC
The main purpose of this section is to introduce the reader to different aspects of a VSC
connected to a grid. The main circuit configuration of the VSC is presented so the
variables and their symbols can be defined and will be used henceforth. Furthermore,
different types of grid filters and modulation techniques will be presented. Two control
principles will be introduced, the voltage angle control and the vector current control
principle. Finally, the modelling of the system will be described.
5.1 Main Circuit of VSC
A scheme of the main circuit of the VSC is shown in Fig. 5. The valves are of the IGBT-
type. The VSC is connected to a symmetric three-phase load, which has the impedance
R + jωL  and the emfs e1(t), e2 (t)  and e3(t). The neutral point of the star-connected load
has the potential v 0 (t), due to a floating ground. The phase potentials of the VSC are
denoted as v1(t), v 2 (t) and v3(t). The phase voltages of the VSC are denoted as u1(t),
u2 (t)  and u3(t). The current flowing from the dc-link to the converter is denoted as
iv (t) , the dc-link current is denoted as idc (t)  and the dc-link voltage across the dc-link
capacitor is denoted as udc (t) .
v 0 (t)
v 1(t) v 2 (t) v 3 (t)
i v (t)idc (t)
i1 (t) i2 (t) i3( t)
u1(t) u2 (t) u3 (t)
+
–
+
–
+
–
+
–
udc (t)
~ ~ ~+–e1(t) e2(t) e3( t)
+
–
+
–
IGBT-module
DC-link
capacitor
valve 1 valve 3 valve 5
valve 4 valve 6 valve 2
R
L
R
L
R
L
Figure 5: The main circuit of the VSC.
5.2 Grid Filters
When connecting a VSC to a grid, an inductor must be mounted between the VSC, which
is operating as a stiff voltage source, and the grid, which also operates as a stiff voltage
source [11]. The simplest and most common grid filter is the L-filter, which has three
series connected inductors, one in each phase.
The LC-filter has the same series inductors, one in each phase, as the L-filter. In addition,
the LC-filter has three parallel coupled capacitors. This filter type has often been
12 Grid-connected VSC
                                                                                                                                                                                                                      
investigated for systems which are used in autonomous grids as an uninterruptible power
supply and in most investigations, the load consists of resistors, one in each phase [12].
When connecting a system with the LC-filter to a public grid, problems can occur due to
resonances. The resonance frequency depends on the capacitor value of the filter and the
inductance value of the grid, which varies over time. It is difficult to reduce the
resonance, because resonance frequency changes with grid inductance and, in addition,
the harmonic distortion spectrum of the grid changes with time.
The resonance problem can be reduced by using an LCL-filter [13]. The main advantages
of using an LCL-filter are low grid current distortion and reactive power production. The
resonance frequency can be determined almost independently of the grid configuration.
The disadvantage is a more complicated system to control. The L-filter attenuation is a
20 dB/decade and the LCL-filter attenuation is a 60 dB/decade for frequencies over the
resonance frequency of the filter. To improve the attenuation of the system when using
the L-filter, a tuned shunt filter can be introduced which is tuned to the switching
frequency of the VSC [14].
5.3 Modulation
One of the advantages of the VSC over the grid-commutated converter is low harmonic
distortion at low frequencies, resulting in sinusoidal grid currents. This is due to the fact
that by switching the valves properly only high-frequency harmonics remain. The
research field of modulation techniques has been focused on reducing the number of
switching instances per cycle while still obtaining low distortion due to the current ripple
caused by the switching instances [15]. The simplest modulation technique is the six-
pulse modulation, where each phase switches twice per cycle. The fundamental voltage
amplitude becomes high but harmonics occur at low frequencies: 5th, 7th, 11th, 13th and
so on. By introducing more switching instants, the current ripple will be reduced as well
as the fundamental voltage amplitude. Depending on the rated power of the VSC, the
switching frequency is reduced when the rated power is increased. For small adjustable-
speed drive systems, the switching frequency can be as high as 20 kHz. For converters
used in high power applications, the switching frequency is reduced down to
approximately 1 kHz.
The most common modulation methods can be divided into two groups: either current
control or voltage control. The current control method forces the valves to switch only
when it is necessary to keep on tracking the reference of the current. This control
principle is often called the current hysteresis control principle [16]. The second
modulation type, voltage control, has as a common characteristic subcycles of constant
time duration, a subcycle being defined as the total duration during which an active
inverter leg assumes two consecutive switching states of opposite voltage polarity.
Operation at subcycles of constant duration is reflected in the harmonic spectrum of the
phase voltage by two dominating salient sidebands, centered around the switching
frequency, and by additional frequency bands around integral multiples of the carrier
[17]. The modulation type can be divided into two parts: a suboscillated pulse width
modulation (PWM) and a space vector modulation, denoted by SVM. The latter
modulation method is often used when microcontrollers are involved in the system. The
suboscillation method is a classical modulation technique and employs individual
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modulators in each of the three phases. It is popular due to its simple implementation and
is preferable when an analog system is used.
The input to a space vector modulator is the voltage reference vector in the αβ-frame,
explained in Appendix A. The sampled input vector is then approximated by a time
sequence of three well-defined switching state vectors. The ordinary three-phase voltage
source converter has 8 switching vectors, also displayed in Appendix A. The modulation
algorithm ensures that the time average of the switching state vectors over a sampling
interval is equal to the reference vector [18]. Compared with the sub-oscillating PWM
method, the SVM method can be modified to reduce the number of valve switchings
during each sample interval or to change the switching valve pattern. The SVM has the
following advantages: The reference voltage vector can be decomposed in a number of
ways and the selected voltage vectors can be applied to different sequences. By
controlling the SVM in a smart way, it is possible to reduce the switching frequency
while still obtaining the same sample frequency as in the sub-oscillated PWM. This is an
advantage when the rated power of the VSC is increased.
If the mid-point of the star-connected load is floating, a zero-sequence component can be
added to all of the three phase reference voltages to extend the output voltage range of the
converter by 15.5 % without losing the linearity from the reference voltage to the output
voltage [19]. A triplen deadband PWM can be introduced to reduce the effective
switching frequency, which reduces switching losses up to 33 % [20]. In this method,
one leg of the converter is clamped for a certain period of time in each cycle, hence
resulting in a deadband region in which no switching will occur.
5.4 Control of the VSC Connected to the Grid
In this report, two control principles are investigated for a VSC connected to a grid. They
are the voltage angle control and the vector current control. Both controllers use the
rotating dq-coordinate system, explained in Appendix A. Furthermore, only the L-filter is
considered for use.
The simplified circuit of a grid-connected VSC is shown in Fig. 6. The phase voltages of
the VSC are modelled as three voltage sources denoted as u1(t ), u2 (t)  and u3(t). The
equivalent series inductance and resistance of the L-filter are denoted as LS  and R S ,
respectively.
i1 (t)
i2 (t)
i3( t)
u1(t)
u2 (t)
u3 (t)
+– e1(t)
e2(t)
e3( t)
~ ~+ –
~ ~+ –+–
~ ~+– + –
Ls R s
Figure 6: Schematic circuit of a grid-connected VSC, where the focus is on the L-filter.
The Kirchhoff voltage law can be applied to the circuit in Fig. 6. The equation becomes
u(αβ ) (t) – Rs i(αβ ) (t) – Ls
d
dt i
(αβ ) (t) – e(αβ ) (t) = 0 (2)
In the dq-coordinate system, the equation becomes
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u (dq ) (t ) – R s i (dq ) (t ) – L s
d
dt i
(dq ) (t ) – jωgL s i (dq ) (t ) – e (dq ) (t ) = 0 (3)
where the grid angular frequency is denoted as ωg.
5.4.1 The Voltage Angle Controller
The voltage angle controller, also called the power angle controller, is a controller based
on a system model in steady-state. By setting the derivative term in Eq. (3) to zero, the
steady state expression becomes
u(dq ) (t) – e(dq ) (t) = Rs + jωgLs( )i(dq ) (t) (4)
By controlling the phase displacement angle between the voltage vector of the VSC and
the voltage vector of the grid and by controlling the magnitude of the voltage vector of the
VSC, the active and reactive power can be controlled. The phase displacement angle and
the relative voltage are denoted as θ(t) and ux (t) , respectively. The relative voltage is
used to control the magnitude of the voltage vector of the VSC and is defined as
ux (t) =
u(1) (t)
e(t) (5)
where u(1) (t)  is the magnitude of the fundamental voltage vector of the VSC. In Fig. 7,
the grid and VSC voltage vectors are shown in the dq-coordinate system. To simplify the
scheme, the resistance of the grid filter coil is set to zero. Furthermore, the phase
displacement angle has been scaled up, to make it easier to understand the scheme. As
shown in Fig.7, the current vector is perpendicular to the difference between the
converter voltage vector and the grid voltage vector.
u(t)
e(t)
i(t)
ωgLs i( t)
d-axis
q-axis
θ ( t)
j
Figure 7: The principal scheme of voltage angle control.
To simplify the equations, the phase-to-phase voltage fundamental amplitudes of the VSC
and the grid are denoted as U  and E , respectively. If the grid and the VSC voltages are
supposed to be distortion free and symmetric, the voltage vectors can be defined as
u(1) (t) = Ue
j θ ( t )+ π2
⎛
⎝
⎞
⎠ (6)
e(t) = Ee j
π
2 (7)
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The apparent power from the VSC to the grid is
s(t) = u(1) (t) i(t) = ud(1) (t) + juq(1) (t)( ) id (t) − jiq (t)( ) (8)
where the complexconjugate is denoted by a bar. By using Eqs.(4),(6),(7) and (8), the
active power and the reactive power can be written as
P = UE
ωgLs
θ (9)
Q = E E – U( )
ωgLs
(10)
where the resistance of the L-filter is neglected and the phase displacement angle is so
small that the sine of the angle is approximately equal to the angle and the cosine of the
angle is approximately equal to one. The active power is proportional to the phase
displacement angle and the reactive power is proportional to the difference between the
voltage amplitudes of the VSC and the grid. Investigated applications of converters using
the voltage angle control are, for instance, high-voltage direct current (HVDC) converters
[21,22] and static VAr compensators (SVCs) [23].
When using the voltage angle control of the VSC in a wind turbine application, the VSC
connected to the grid is set to control the voltage level of the dc-link independent of the
operating point of the generator-rectifier sub-system. The principle of the control scheme
is shown in Fig. 8. This control has been implemented in a laboratory system [24]. The
voltage vector angle θg (t )  of the grid is obtained from an analog phase-locked loop
(PLL) connected to one of the phase voltages of the grid. The amplitude of the grid
voltage is obtained by low-pass (LP) filtering the rectified grid voltages through a three-
phase diode rectifier. The goal of the dc-link voltage controller is to track the reference dc-
link voltage udc∗ (t ) . The dc-link voltage is controlled by using a PI-controller, the input
of which is the dc-link voltage error and the output is the phase displacement angle θ(t).
The relative voltage ux (t)  is determined by the reactive power controller, which has the
reactive power reference Q∗(t) and the grid voltage amplitude as inputs. The inputs to the
PWM-unit are: The total voltage vector angle of the VSC, which is the sum of the phase
displacement angle θ(t) and the grid voltage vector angle θg (t ) ; the dc-link voltage
udc (t)  and the relative voltage ux (t) .
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Figure 8: The principal control scheme of the voltage angle control in a variable-speed
wind turbine application.
The voltage angle control is simple to implement in an analog controller or a micro-
controller. However, the bandwidth of the system is low, since the controller is based on
a steady-state model. The bandwidth required for controlling the wind turbine is low due
to the large inertia of the turbine, which acts as an LP-filter. Furthermore, the power
above 1 Hz in the wind power spectrum is small. However, it is important that the
control system can damp drive train resonances actively. To do that, the bandwidth of the
system must be around 10 Hz. Often the reactive power demand is set to zero to obtain a
high power factor. But, if the grid is weak, the reactive power can be used to control the
voltage level of the grid.
When using the voltage angle control principle, it is easy to implement an efficient PWM-
generator, where the pulse pattern has been calculated off-line and stored in an EPROM.
This is important if the rated power is high and the switching losses must be low. As
described above, the voltage angle control principle is simple and a few simple control
blocks are needed. Furthermore, grid phase currents must not to be measured to perform
the control principle. The controller implementation can be made inexpensive due to the
low bandwidth requirement. This indicates that the control system should be used in
plants where the relative controller cost is high, i.e., low-rated power plants.
5.4.2 The Vector Current Controller
The basic principle of the vector current controlled grid-connected VSC is to control the
instantaneous active and reactive grid currents independently of each other and with a
high bandwidth. In this thesis, the vector current controller is implemented in a computer,
the control functions are discrete and the inputs and outputs to the controller are sampled
at a constant sample frequency. In the laboratory system, the sample frequency is equal to
the switching frequency.
The currents and the voltages of the grid are transformed to the rotating dq-coordinate
system. By this operation, the fundamental current and voltage components become dc-
Grid-connected VSC 17
                                                                                                                                                                                                                      
quantities and PI-controllers can be used to reduce steady-state errors. The components of
the reference voltage out from the regulator are transformed back to three-phase quantities
and used as inputs to the PWM function. In Fig. 9, the principal block diagram of the
system and the controller are shown.
i 1(t )
iv (t)VSC
+
–
udc (t)
u1(t)
Rs L s
u3( t)
u2 (t)
3/23/2
i 2 (t)
i3 (t)
6sw( t)
PWM
OPT
+ +
–
regulator
estimatorθ
transformation
angle for αβ / dq
θ(k )
αβ/dq
αβ/dq 2/3dq/αβ
sample and hold sample and hold
i (αβ )(k )e(αβ )(k)
θ(k )
θ(k )
e(dq )(k)
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ud∗ (k) uq∗ (k)
grid
e1(t)
e3( t)
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u∗(123)(k)
uopt∗(123)(k)
Figure 9: Principal block diagram  of vector current controller.
To obtain a high bandwidth, the total system must be well-known including the
influences of non-ideal components, the grid filters and the filters in the signal paths. The
following items are important:
• Correct sampling instances. If the phase currents are sampled exactly at the top and
bottom of the triangular wave used in the sub-oscillated PWM, the ripple of the current
is zero. An error in the measured current occurs if the sample instance is delayed a few
microseconds, then the error will increase if the current ripple increases.
• Overmodulation. If high gains are used, the reference voltage vector from the vector
current controller will be large when trying to realize demanded current steps, and the
PWM cannot realize the demanded voltage vector and an overmodulation occurs. This
results in uncontrolled phase currents.
• One-sample delay in the current controller. If a discrete sampled control system is
used, a delay time of one sample will occur due to the calculation time of the control-
computer. If a high bandwidth is required, for instance dead-beat, high gains must be
used in the current controller and the influence of the delay time must be compensated
in the controller to eliminate oscillations. When not compensating for the delay time,
the gain must be decreased [25].
• Valve non-linearities. In a real converter, the on-state voltage drop and the resistance
of the valves of the converter influence the system negatively, such as performance of
the current control and low-frequency current harmonics. A compensation function
can be implemented if the non-linearities are known [26].
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• Non-ideal PWM. To protect from short circuits in the phase-legs, a blanking time is
introduced. The blanking time is the time between the turn-off of a valve in the phase-
leg and the turn-on of the second valve in the phase-leg. This blanking time reduces
the mean voltage under the sample period [26].
• Grid voltage distortion. Grid voltage distortion affects the current controller. There is a
coupling between the grid voltage harmonics and current out from the converter.
• Synchronization of the transformation angle to the grid voltage. It is important that the
synchronization operates effectively even if the grid has a poor power quality.
The obtained high bandwidth can be used in high-performance applications such as active
filtering [27]. A cost effective solution can be obtained by reducing the component costs
such as the dc-side capacitor and the grid filter; it is still possible to achieve a high power
quality for applications such as rectifiers in drive systems or inverters connected to the
grid in wind turbine plants.
5.5 Modelling of Control-circuit and VSC Connected to a Grid
When analysing the VSC system, a model must be created. The model should include the
grid, the grid filter, the dc-link and the VSC and its controller. Two model objects are in
focus: modelling the system to obtain a simulation model and creating a small-signal
model of the system.
To determine proper control gains for the control loop design of the VSC system, a small-
signal analysis is performed around an operating point. The small-signal model is
obtained by linearizing the large-signal model of the system, which is often linear except
for the discontinuity due to the pulse width modulated valves. By assuming the pulse
width modulated voltage of the converter to be a constant voltage during the sample
period, a linear state equation can be formed, where the states are piecewise constant
under the sample period. This assumption is valid when changes in the reference voltage
are slow in comparison with the switching intervals of the converter. Two common
averaging methods are: the state-space averaging [28,29] and the average switch model
[30].
For dc-dc converters, model accuracy can be increased by using the transient behavioural
model (TBM). In this model, the first harmonic tone is added to the mean voltage during
the sample period, resulting in increased performance [30]. Often, the VSC system is
modelled on the rotating dq-coordinate system and the coordinate transformations and the
valves are assumed to be ideal. For this situation, the space vector averaging method
should be used, because the correct mean voltage vector is obtained during the sample
period. The average switch model averages each phase individually, and if the voltages
are wanted in the dq-coordinate system, coordinate transformations must be performed. If
the ratio between the sample frequency and the grid frequency is small, the coordinate
transformation together with the pulse width modulated signal can introduce errors [31].
Transfer functions of the Laplace-transformed system work well for single-input single-
output (SISO) systems. But if multiple-input multiple-output (MIMO) systems are
considered, the transfer function matrices become awkward to use. Furthermore, if the
analysed system has time delays, which are modelled as exp(–sT ) , the system must be
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linearized by using, e.g., the Padé approximation. Unfortunately, the polynomial degree
will increase significantly. For VSC systems using discrete controllers, the discrete state
equation is preferable and an one-sample delayed variable results in only one more
variable in the state vector. To obtain the discrete closed-loop state equation, the grid
voltage and the L-filter must be discretized. A major advantage of using discrete models
in comparison with continuous models, including the switching instances, is the reduced
simulation time.
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6 Contributions, Comments, Conclusions and 
Future Research
The field of power electronics has been growing rapidly since the evolution of
semiconductors. Computers and semiconductor valves increase their performance at high
speed. As a result of this development, the high-performance devices of yesterday have
become today's mediocre devices and, of course, published articles have also become
out-of-date.
The outline of this chapter is as follows. In Section 6.1, the contributions and comments
of the included papers are given. In Section 6.2, the author's conclusions are stated.
Lastly, suggestions for future research are given.
6.1 Contributions and Comments of Included Papers
Paper 1A
Paper 1A acts as an introduction and also gives an overview of different electrical systems
for variable-speed wind turbines. The proposed electrical system to be used in a variable-
speed wind turbine consists of a synchronous generator, a diode rectifier and a grid-
connected thyristor inverter, if the grid is strong. If the grid is weak, an IGBT chopper
together with a forced-commutated voltage source converter is recommended, instead of
the thyristor inverter. The background material about losses and converter prices
originates from a study made in 1993. Due to the fast development of components and
price changes for the devices, the cost results given in the paper are not valid any more.
The losses in the grid filter are roughly estimated. New types of slowly-rotating
permanent-magnet generators have been introduced after the publication of the paper; they
result in a system without a gearbox and are of great interest today. If the new type of
generator is used, a forced-commutated rectifier should be used to increase the efficiency
and the rated power of the system, and the proposed IGBT chopper can be terminated.
Paper 1B
Paper 1B investigates a hybrid wind park, which is connected to a weak grid. The
amplitude of the grid voltage at the point of common connection is focussed on. A grid-
connected voltage source converter injects reactive power into the grid and affects the
voltage level. The size of the voltage source converter for different electrical system
combinations is analysed. It turns out that the increase in the rated power of the voltage
source converter, when both delivering active power from the wind turbine and injecting
reactive power to the grid, is moderate in comparison with only delivering active power.
The results depend strongly on the short-circuit impedance ratio and the short-circuit ratio
of the grid. In the paper, all converters and their control systems are assumed to be ideal.
Paper 1C
Paper 1C is an extension of the work presented in Paper 1B. The increase in the rated size
of the voltage source converter is investigated for different combinations of electrical
systems in the hybrid wind park. Furthermore, the effect of cancelling reactive power as
well as harmonic currents from the hybrid wind park on the rated size of the voltage
source converter is presented. The grid is assumed to have an infinite short-circuit power
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and the voltage source converter together with its control system is supposed to operate
ideally. Only harmonics up to the 13th order are considered, which is partially due to the
moderate sampling frequency of the inverter. When using the voltage source converter
simultaneously as an active power transmitter, a reactive power compensator and as a
current harmonic canceller, the switching frequency should be moderate to keep down the
losses in the converter. This results in a low current bandwidth and also restricts the
highest frequency of the harmonics which can be cancelled. It turns out that the rating of
the voltage source converter only needs to be increased moderately to fulfil the
requirement for high power quality at the point of common connection.
Paper 2A
Paper 2A introduces an electrical system in a variable-speed wind turbine, in which the
voltage source converter uses the voltage angle control principle to track the reference
voltage of the dc-link independently of the delivered power from the generator-rectifier
subsystem. An analog controller is used and, in the frequency analysis, the dc-link
voltage fluctuation is neglected when calculating the current in the dc-link. The result of
the investigation is that a voltage angle control can be used in a wind power application.
Furthermore, the bandwidth of the inverter system is around 20 to 30 Hz depending on
the parameter values of the system.
Paper 2B
Paper 2B introduces the linear quadratic (LQ) control method into the voltage angle
controlled voltage source converter in a wind energy application. The LQ-control method
is used to increase the bandwidth of the voltage angle controlled converter system;
simulations show that the control method operates as expected. An analog implementation
of the LQ-controller is used, since the paper is a continuation of Paper 2A, in which an
analog controller was used. The system is non-linear and to get a high-performance
controller, gain scheduling is used. The phase displacement angle is used to determine
which gain should be used. One disadvantage of using the LQ-controller is the low
attenuation of noise at frequencies near the model excitation frequencies. Therefore, an
extended Kalman estimator was introduced to decrease the influence of current harmonics
near the switching frequency. If a discrete LQ-controller had been used instead of the
analog one, and if a proper sampling of the variables had been done, the performance of
the system would probably have been improved.
Paper 3A
In Paper 3A, a grid-connected voltage source converter using a discrete vector current
controller is investigated. A discrete state equation model of the grid-connected voltage
source converter and its controller is derived both for a "fast computer" and for a one-
sample delayed controller. The used controller inductance and resistance parameters of the
grid filter inductor are changed to simulate an incorrect controller tuning. The mistuned
controller is used in the model of the system for predicting responses of grid voltage
harmonics. It is assumed that the sampling of the system variables, as well as the valves
and the pulse width modulation, are ideal. The delay time of one sample in the discrete
controller, due to the calculation time of the computer, results in a higher cross-coupling
gain from the reference d- and q-currents to the q- and d-currents. Moreover the phase lag
becomes larger. The delay time results in a coupling between grid voltage harmonics and
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the three-phase currents of the converter, and the gain increases with frequency. The
investigated errors in the controller parameters show that the vector current controller can
handle inductance variations of ± 25 % and resistance variations of ± 50 %. To increase
reference current tracking capacity, a modified delay time compensator, based on the
Smith predictor, could be used instead of the one presented in the paper, which cannot
handle overmodulations properly.
Paper 3B
In Paper 3B different synchronization methods for grid-connected voltage source
converters are proposed. The methods are adapted to be used in digital controllers. A
novel synchronization method based on a space vector filter (SVF), which properly
handles phase jumps in grid voltage, is presented. In addition, an extended variant of the
SVF is presented; this variant handles both phase jumps in grid voltage and grid
frequency changes. This method has an even higher performance than the extended
Kalman filter method, in spite of the smaller number of calculations that must be
performed. In the paper, the three-phase grid voltage is assumed to be symmetric.
Paper 3C
Paper 3C extends the work of Paper 3A to involve experimental results of a vector current
controlled VSC connected to the grid. The focus is on the frequency response from the
reference current to the current in the dq-frame at an operating point. The grid filter
inductor influences the current controller due to high losses when the frequency is
increased. A valve compensation function is introduced to reduce the influence of the
non-linearites of the valves and the blanking time of the pulse width modulation. In this
paper, the influence of the valve compensation function and the integration term in the
current controller are analysed in a small-signal scheme. The integration term does not
influence the small-signal performance. However, the valve compensation function
improves the performance of the current controller. The influences of the non-perfect
sampling due to delays, the accuracy in the measurements and grid voltage harmonics are
not considered when comparing the measurement results with the analytical ones.
Paper 4
One disadvantage of voltage source converters is generated voltage harmonics due to the
valve switching of the converter. When using the sub-oscillated pulse width modulation,
the harmonics occur around the switching frequency and multiples of it. The voltage
harmonics from the converter result in grid current harmonics depending on the grid
filter. Paper 4 focuses on low- and medium-frequency harmonics and in harmonic
distortion above 100 kHz. The L-filter is compared with the third-order LCL-filter; the
outcome is that the LCL-filter is proposed due to the better attenuation of low- and
medium-frequency current harmonics. The fast-switched valves result in high voltage
derivatives. This produces insulation stresses in the transformer or the grid filter
connected to the converter. If long cables are used, the insulation stresses are further
increased due to reflections. In the experiments, large reflections occurred at a cable
length of 20 meters.
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6.2 Conclusions
In the thesis, different types of electrical system configurations for variable-speed wind
turbines have been investigated. Furthermore, different control principles used on the
voltage source converter connected to a three-phase grid have been focused on.
The electrical system which is recommended consists of a voltage source converter
connected to the grid if high power quality is needed. The alternative is a thyristor
inverter. The directly-driven permanent magnet generator with a voltage source converter
used as a rectifier has become a promising alternative to the ordinary synchronous
generator and the diode rectifier. The simple and low-cost voltage angle control method
has been shown to manage a wind turbine application. The extended version of the
voltage angle control, which uses a linear quadratic controller, has a higher performance
and operates as expected.
The vector current controlled voltage source converter has a high bandwidth in
comparison with the voltage angle control method. The controller handles parameter
variations well. The valve compensation function decreases the current error in steady-
state, and frequency responses show that the small-signal performance increases. The L-
filter inductors applied, decrease the performance at high frequencies. A novel
synchronization method based on a space vector filter handles both phase jumps in the
grid and grid frequency changes.
To increase the power quality in a hybrid wind park, the voltage source inverter is
proposed to act both as a reactive power compensator and as an active filter, at the same
time delivering active power into the grid. It is shown that the rated power of the voltage
source converter increases moderately in comparison with delivering only active power.
6.3 Future Research
The performance of control computers will continue to grow. This emphasizes the need
for implementing better control functions and models, while still obtaining real-time
control. Moreover, the performance of valves will increase continuously. A large step
will be taken when transistor valves using silicon-carbide become available on the market.
The performance of converters will increase, and new applications for power electronic
devices will be introduced.
A proper continuation of this work is to apply an efficient control algorithm to restrain the
influence of poor power quality. In other words, it should be possible to design a
controller to suppress low-frequency voltage harmonics, swells, dips, unbalance as well
as phase jumps due to short-circuits in the surroundings.
When the rated power of the converter increases, the short-circuit power ratio between the
short-circuit power of the grid and the rated power of the converter connected to the grid
will decrease. If a high performance is to be obtained, the shrinking short circuit ratio
must be regarded. By improving the algorithms of the vector current controller and the
converter synchronization to the grid, a high bandwidth can be obtained for the VSC
connected to a weak grid.
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Appendix A
Transformations for Three-phase Systems
The transformations in this appendix are used when analysing three-phase machines and
three-phase converters dynamically [1]. The transformations ensure power invariance.
A.1 Transformations between Three-phase and αβ-system
The three phase quantities x 1(t ) , x 2 (t) and x 3(t) can be transformed into two vectors,
positive- and negative-phase sequence vectors, in a complex reference frame, called αβ-
frame
x p (t) = x pα (t) + jx pβ (t) =
2
3 x1(t) + e
j2π3 x 2 (t) + e
j4π3 x 3(t)
⎡
⎣
⎢
⎤
⎦
⎥ (A.1)
and
x n (t) = x nα (t) + jx nβ (t) =
2
3 x1(t) + e
j4π3 x 2 (t) + e
j2π3 x 3(t)
⎡
⎣
⎢
⎤
⎦
⎥ (A.2)
where the sum of the three-phase quantities will be zero when no conductor is connected
to the mid-point of the three-phase system, i.e.,
x1(t) + x 2 (t) + x 3(t) = 0 (A.3)
A.1.1 Positive-Phase Sequence
The normal condition of a grid is to have positive-phase sequence vectors and no
negative-phase sequence vectors. Hereby, a vector in the αβ-frame without the subscript
p denotes a positive sequence vector. Equation (A.1) can now be expressed as a matrix
equation
sα (t)
sβ (t)
⎡
⎣
⎢
⎤
⎦
⎥ = C23
s1(t)
s2 (t)
s3(t)
⎡
⎣
⎢
⎢
⎢
⎤
⎦
⎥
⎥
⎥
(A.4)
and the inverse becomes
s1(t)
s2 (t)
s3(t)
⎡
⎣
⎢
⎢
⎢
⎤
⎦
⎥
⎥
⎥
= C32
sα (t)
sβ (t)
⎡
⎣
⎢
⎤
⎦
⎥ (A.5)
where
C23 =
3
2 0 0
0 12 −
1
2
⎡
⎣
⎢
⎢
⎢
⎤
⎦
⎥
⎥
⎥
C32 =
2
3 0
– 16
1
2
– 16 –
1
2
⎡
⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎤
⎦
⎥
⎥
⎥
⎥
⎥
⎥
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A.2 Currents and Voltages of Voltage Source Converter
The three-phase voltages of the voltage source converter can be represented in state-space
vectors by the phase voltages u1(t), u2 (t)  and u3(t). The voltage vector in the complex
αβ-frame becomes
u(t) = uα (t) + juβ (t) (A.6)
From now on, the valves of the voltage source converter are replaced by ideal switches.
The switches sw 1, sw 2  and sw3  of the converter can have a total of eight different
combinations. For each state of the total number of combinations of switches, a state-
space vector sw  can be written as
sw(t) = 23 sw1(t) + e
j2π3 sw 2 (t) + e
j4π3 sw3(t)
⎛
⎝
⎜
⎞
⎠
⎟ = swα (t) + jswβ (t) (A.7)
In Table A.1, the eight different switch combinations and the state-space vectors of the
switch values are shown. In Fig. A.1, the different switch states are presented in the form
of state-space vectors.
TABLE  A.1
SWITCH COMBINATIONS
sw1 sw 2 sw3 sw
1 –1 –1 8
3e
j0π3
1 1 –1 8
3e
j1π3
–1 1 –1 8
3e
j2π3
–1 1 1 8
3e
j3π3
–1 –1 1 8
3e
j4π3
1 –1 1 8
3e
j5π3
1 1 1 0
–1 –1 –1 0
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α
βsw1, 2,3= sw1,sw2,sw3[ ]
sw1, 2,3= 1,–1, –1[ ]
sw1, 2,3 = 1,1,–1[ ]sw1, 2,3= –1,1, –1[ ]
sw1, 2,3= –1,1,1[ ]
sw1, 2,3= 1,1,1[ ]
sw1, 2,3 = –1, –1,–1[ ]
sw1, 2,3= –1, –1,1[ ] sw1, 2,3= 1,–1,1[ ]
Figure A.1: State-space vector representation of the voltage vectors for the voltage
source converter.
The output voltages of the voltage source converter can now be written as a state-space
vector
u(t) = udc2 sw(t) (A.8)
In a similar fashion, the three phase currents i1(t) , i2 (t)  and i3(t) can be expressed as a
state-space vector
i(t) = 23 i1(t) + e
j2π3 i2 (t) + e
j4π3 i3(t)
⎛
⎝
⎜
⎞
⎠
⎟ = iα (t) + jiβ (t) (A.9)
The sum of the three-phase currents is always zero. The DC-link current iV (t) between
the dc-link capacitor and the voltage source converter can be written as
iV (t) = sw1(t)i1(t) + sw 2 (t)i2 (t) + sw3(t)i3(t) = Re i(t) conj sw(t)( )[ ] (A.10)
A.3 The Connection between the αβ− and the dq-system
Let the vectors v(t) and w(t)  rotate with the angular frequency ω  and ωg in the αβ-
frame, respectively. The vector v(t) becomes a fixed vector in the dq-frame if the vector
w(t)  forms the d-axis in the dq-frame and the angular frequencies ω  and ωg  are equal,
as illustrated in Fig. A.2.
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v( t)
vd (t)
vq (t)
vα (t)
vβ( t)
θ ( t)
Δθ ( t)
ω( t)
ωg(t)
α
β
d
q
w( t)
Figure A.2: The relation between the αβ-frame and the dq-frame.
The angles θ(t) and Δθ(t)  in Fig. A.2 are given by
θ(t) = ωg (τ)dτ
0
t
∫ (A.11)
Δθ(t) = ω(τ) − ωg (τ)[ ]dτ
0
t
∫ (A.12)
The components in the dq-frame can be determined from Fig. A.2. The transformation
equation from the αβ-frame to the dq-frame becomes, in matrix form
vd (t)
vq (t)
⎡
⎣
⎢
⎤
⎦
⎥ = R(–θ(t))
vα (t)
vβ (t)
⎡
⎣
⎢
⎤
⎦
⎥ (A.13)
and the inverse becomes
vα (t)
vβ (t)
⎡
⎣
⎢
⎤
⎦
⎥ = R(θ(t))
vd (t)
vq (t)
⎡
⎣
⎢
⎤
⎦
⎥ (A.14)
where the projection matrix is
R(θ ) = cos(θ ) – sin(θ )sin(θ ) cos(θ )
⎡
⎣
⎢
⎤
⎦
⎥ (A.15)
The transformation Eq. (A.13) can be written in vector form
v dq( )(t) = e– jθ ( t )v αβ( )(t) (A.16)
and the inverse Eq. (A.14) becomes
v αβ( )(t) = ejθ ( t )v dq( )(t) (A.17)
Some useful projection matrix translations are
RT (θ ) = R(–θ )
R(θ )R(θ ) = R(2θ )          
RT (θ )R(θ ) = 1 00 1
⎡
⎣
⎢
⎤
⎦
⎥
R(–θ )R(–θ ) = R(–2θ )
(A.18)
A.4 Voltage and Current Vectors in αβ− and dq-systems
Suppose that a symmetrical sinusoidal three-phase voltage, with the angular frequency
ωg, is transformed into a vector u(t) = uα (t) + juβ (t) in the αβ-frame. Define the q-axis
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in the dq-frame as parallel to the voltage vector u(t). This definition orginates from a flux
vector parallel to the d-axis in the dq-frame. The voltage vector is proportional to the time
derivative of the flux vector. As a consequence of the chosen reference vector, the voltage
vector u(t) will only contain a q-component in the dq-frame. The transformation equation
for a current vector from the αβ-frame to the dq-frame becomes, in matrix form
id (t)
iq (t)
⎡
⎣⎢
⎤
⎦⎥
= R – ωgt –
π
2
⎛
⎝
⎞
⎠
⎛
⎝
⎜
⎞
⎠
⎟
iα (t)
iβ (t)
⎡
⎣⎢
⎤
⎦⎥
(A.19)
and the inverse
iα (t)
iβ (t)
⎡
⎣⎢
⎤
⎦⎥
= R ωgt –
π
2
⎛
⎝
⎞
⎠
id (t)
iq (t)
⎡
⎣⎢
⎤
⎦⎥
(A.20)
Of course the voltage vector transformations from the αβ-frame to the dq-frame will be
the same as those for the current vectors.
A.5 Positive-, Negative- and Zero-phase Sequence Harmonics
Harmonics in a three-phase system transformed to the αβ-frame will rotate in different
directions depending on the harmonic number. For instance, the fundamental current will
rotate counter-clockwise; the 5th harmonic currents will rotate clockwise and the 7th
harmonic current will rotate counter-clockwise. The three voltage vectors in the αβ-frame
are shown in Fig. A.3. The rotation directions of the different sequence harmonics are
marked.
α
β
u (1)( t)
u (5)( t)
u (7)( t)
5ωg(t)
7ωg(t)
ωg(t)
Figure A.3: The direction of different harmonics in the αβ-frame.
Harmonics of the orders n = 3k , k = 1,2,3,...  are of a zero sequence. In the αβ-frame
this harmonic vector will not rotate. In a three-phase grid without a neutral conductor, no
zero-sequence harmonics will occur.
Harmonics of the order n = 6k +1, k = 1,2,3,... are of a positive sequence. Thus, the
harmonic vector in the αβ-frame will rotate counter-clockwise. For the lowest-order
frequencies, the positive-sequence harmonics are the 7th, 13th and 19th.
Harmonics of the order n = 6k –1, k = 1,2,3,...  are of a negative sequence and the
harmonic vector rotates clockwise in the αβ-frame. For the lowest-order frequencies, the
negative-sequence harmonics are the 5th, 11th and 17th.
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A.5.1 Harmonics in the dq-frame
When transforming vectors from the αβ-frame to the dq-frame, a counter-clockwise
rotation of the αβ-frame with fundamental angular frequency will occur. The current
vector i(αβ )  is transformed using
i dq( ) = e– j ωgt–π / 2( ) i αβ( ) (A.21)
The fundamental current vector in the αβ-frame will be transformed to a stationary vector
in the dq-frame. Positive-sequence harmonics will rotate slower in the dq-frame. For
negative-sequence harmonics, the vectors in the αβ-frame will rotate faster in the dq-
frame. The harmonics transformation from the αβ-frame to the dq-frame are shown in
Table A.2.
TABLE  A.2
HARMONICS TRANSFORMATION FROM αβ-FRAME TO DQ-FRAME.
Harmonic type Harmonic number n αβ-frame dq-frame
fundamental n=1 i(1)(αβ ) (t) = iˆ(1)e j ωgt–π / 2( ) i(1)
(αβ ) (t) = iˆ(1)
positive sequence n = 6k +1,
k = 1,2,3,...
i(n )(αβ ) (t) = iˆ(1)e jn ωgt–π / 2( ) i(n )(dq ) (t) = iˆ(n )e j n–1( ) ωgt–π / 2( )
negative sequence n = 6k –1,
k = 1,2,3,...
i(n )(αβ ) (t) = iˆ(n )e– jn ωgt–π / 2( ) i(n )(dq ) (t) = iˆ(n )e– j n+1( ) ωgt–π / 2( )
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